This work develops a theoretical framework that can analyze acoustic cloak's scattering in a moving fluid. The equivalent sound source induced by the moving fluid local to the cloak is analytically constructed and is then estimated using Born approximation. Far field radiations can thereafter be obtained using the associated Green's function of convected wave equation. The results demonstrate that the proposed analytical method, which might be helpful in the designs and evaluations of cloaking systems, effectively elucidates the key characteristics of relevant physics. The optimized cloaking design based on the theoretical analysis is obtained that can greatly suppress the acoustic scattering.
I. Introduction
The subject of acoustic cloak [1] [2] [3] has received considerable attention. The newly emerging metamaterial 4, 5 are capable of shielding objects from incident sound waves [6] [7] [8] and thus receiving considerable interest on potential applications such as anti-sonar designs. Sound wave propagating in a moving fluid could be stretched or contracted by the fluid. However, most existing acoustic cloak designs take no consideration of the moving background fluid. The objective of this study is thus threefold: (i) to provide a theoretical framework that is able to analyze scattering from a cloak in a moving fluid; (ii) to propose a cloak design that largely addresses the issue of moving fluid; and (iii) to demonstrate the proposed method on a canonical, twodimensional case, using high-fidelity computational model and analytical scaling method. This paper focuses on theoretical analysis to elucidate key characteristics of relevant acoustic physics. The implementation of acoustic cloak is important but beyond the scope of this article. Readers of interest should refer to the literatures.
4, 5
The theory behind cloaking design is a conformal map that transforms a physical region with an interior cloaked hole to a virtual domain that is mathematically simply connected. The sound propagation is simply governed by classical wave equation. Most previous works simply consider acoustic propagations in homogeneous stagnant fluid. Intense changes of fluid phase velocities at the submerged cloak's fluid-solid interface have been studied in the literature. 1 In this work, we assume that the cloak of interest is rigid and impervious to fluid but is transparent to sound waves. This assumption simplifies the problem of fluid-solid interface and could be implemented by mounting a cloth on the surface of the cloak. A similar implementation using Teflon can be found in the literature. 9 On the other hand, if classical acoustic cloak designs are submerged in a moving fluid, an acoustic shadow will appear at the downstream. The so-called analogue transformation design 10 could address this problem for cases with an idealized moving flow using an exceptional intellectual principle but needs very peculiar mathematical and physical techniques. What's more, the method can not deal with the cases that the flow is complicated such as turbulence. In this work, we developed a theoretical model to evaluate the equivalent sound source. And we used the optimizing method to obtain design that can largely suppress the scattering. The paper will be organized as follows. Section II briefly introduces the preliminary knowledge and explains the problem of interest. Section III develops the analytical framework, largely from the perspective of aeroacoustics. Section IV introduces the optimizing procedure based on the theoretical method. A numerical case was conducted to validate the proposed method and results are discussed in Sec. V. Finally, Sec. VI summarizes the present work.
II. Statement of the problem
A. Classical cloak design in stationary fluid For the completeness of this paper, we briefly review the classical acoustic cloak design for a twodimensional canonical case. The inner and outer radius of the annular cloak are a and b, respectively. The density and wave speed of sound are ρ 0 and c 0 . An object to be protected from acoustic detection can be placed in the cloaked region (r < a). Considering classicalcloak applications where sound waves propagate through a homogeneous, stagnant flow (where r > b) and an anisotropic cloaking region. Here r is defined as x 2 1 + x 2 2 . The governing equations in the corresponding regions are as follows:
where (·) 0 and (·) i denote variables in the background medium and the cloak region , respectively; the superscript (·) denotes variables of sound wave; p is the pressure; ρ is density; c is the speed of sound; and κ is bulk modulus. The density of the cloak in physical domain(a ≤ r ≤ b) is a tensor.
In what follows, all variables are dimensionalised by using the reference values such as the inner radius and the ambient flow density and the speed of sound. The annular region (a ≤ r ≤ b) can be mathematically mapped to a simply connected virtual domain (0 ≤ r T ≤ b), here the map is defined as r = (b − a)r T /b + a and θ = θ T . The subscript (·) T denotes the variables in the transformed virtual domain. As a result, the sound wave propagation in the entire domain satisfies:
Acoustic scattering would be absent if the following relations are satisfied:
where κ T and κ 0 are bulk modulus of the cloak material and ambient fluid which is assumed to be ideal. For the two-dimensional cases, the associated properties in physical domain are:
where (·) r and (·) θ denote anisotropic properties in r and θ directions, respectively. Here θ is defined as sin −1 (x 2 /r). Equation (7) suggests that the required cloaking metamaterial is anisotropic and spatially depends upon the radial position r. The detailed metamaterial implementation is beyond the scope of this work and can be found elsewhere in the literatures 4, 5, 8 B. The influence of moving fluid for sound propagation
If the ambient fluid is non-stationary, the cloaking performance of the above classical design will be compromised. Denote that the free stream is of a speed u 0 in x 1 direction, the governing equations are:
It should be noted that here sound propagation is described in the mapped coordinates, i.e. the virtual domain for clarity. The annular shape of the cloak in the physical domain is mapped to a circular cross section in the virtual domain. The problem considered is that of a plane harmonic wave a time dependence of exp(iωt), where ω is the angular frequency. The time harmonic acoustic wave is assumed to be at an incident angle α with respect to x 1 -axis. The resultant acoustic pressure field is given by
where k and k T are wave vectors in corresponding regions.
The value of |k| implies that the sound wave will be compressed in the presence of uniform mean flow. The wave number in the cloak region is |k T | = ω/c T . For the classical cloak c T = c 0 and thus |k| T = |k|, A shadow is therefore visible downstream of the cloak [see Fig. 2 (a)-(c)]. To reduce the shadow, the so-called analogue transformation design has been developed in the literature. 10 Here we propose a simple cloak design based on the following relationship in the virtual domain
From the representation of the cloak material, the acoustic impedances of the cloaking device and the surrounding fluid are still matched. The corresponding cloak design in the physical domain with the linear transformation is It is easy to prove that the shadow will be completely suppressed for plane wave case in the presence of a uniform moving fluid. In what follows, this design is called convected cloak design. However, we should emphasize that the effect of fluid dynamics due to the cloak is not considered in this design. The actual flow field is u = u 0 + v, where u 0 is the uniform free stream, while v is the fluid dynamics owing to the presence of the cloak. As a result, the shadow cannot be entirely controlled using the convected cloak design. A tiny scattering is still slightly visible in Figs 
III. The analytical framework
A. The equivalent sound sources
The fundamental idea behind our analysis is to describe the effect of moving fluid as additional sound sources. We assume that the acoustic perturbations are linear and homentropic. Thus, the sound propagation in ambient fluid (i.e. where r > b) can be described by the linearized Euler equations (LEE):
where (·) denotes acoustic perturbation variables. Similarly, sound propagation within the cloak can be described by the following LEE model that in the virtual domain (where r T ≤ b),
It should be noted that the above LEE model for the sound propagation within the cloaking region is described in the virtual domain, because it is convenient for the following analysis.
To make use the free-field Green's function, we rearrange the LEE to inhomogeneous convected wave equations:
The right-hand side terms of (18) represent the equivalent sound sources. In particular, s o is the outer sound source owing to the sheared fluid changes external to the cloak:
where
The source term of s i is the internal sound source mainly due to cloak imperfection:
Eqs. (20)- (23) show that s o is driven by nonuniform flow field u and s i is responsible for additional scattering due to cloak imperfection (in case
. Combining Eqs. (18) we have:
where s = f s o + (1 − f )s i , and f (r) = H(r − b) is the Heaviside step function.
B. First Born approximation
The left and right sides of Eq. (24) are coupled. To solve Eq. (24), we calculate the sources using Born approximation by taking the incident field in place of the total field. More specifically, we expand acoustic variables into incident components [represented by (·) inc ] and scattering components [by (·) sca ], i.e., p = p inc +p sca , u = u inc +u sca . For applications of interest, incident wave is generally regarded as a progressive plane wave of the form exp(iωt − k · x). In the uniform steady flow of velocity u 0 , the incident wave satisfies:
By inserting the expansions into Eq. (24) and then subtracting Eq. (25), we obtain:
The source term s contains both incident and scattering components. We further assume that the scattering components are quite small compared with the incident components, i.e., p inc p sca , u inc u sca . Then, the first Born approximation is used to approximate the source term by solely using the incident wave parts, yielding:ŝ
where(·) represents the approximations. Furthermore, we assume that u is parallel to x 1 . Then, acoustic scattering due to the moving flow can be analyzed using the following equation in frequency domain:
where P (jω, x), P sca (jω, x), P inc (jω, x) and S(jω, x) are frequency domain counterparts of p (t, x), p sca (t, x), p inc (t, x) andŝ(t, x). And the notation(·) represents approximation.
C. Green's function of convected wave equation and the solution of the sound field
This convected wave equation can be transformed to classical wave equation by Prandtl-Glauert transformation. 15, 16 For the completeness of the work, the intermediate derivations are briefly given here. Firstly, by suppressing exp(iωt), the associated Green's function satisfies:
where k 0 = ω/c 0 , x = (x 1 , x 2 ) and y = (y 1 , y 2 ). The flow velocity is in the
, yielding the following relationships:
Then, Eq. (31) is transformed to:
where g(x; y) = G(x; y). Setting g = g exp(ik 0 Mx 1 /β), Eq. (33) can be further simplified to:
It is well known that the free-space Green's function of two-dimensional classical wave equation is iH 2 0 (k 0 r)/4, where H (2) 0 is the zeroth order Hankel function of the second kind. As a result, we have:
The causal solution of Eq. (30) with outgoing wave behaviour is:
Here n 1 is the fist component of the unit normal vector of the domain, which is infinite far away. Because of character of the scattering field, the integral at the far field surface can be neglected. The solution in the integral form can therefore be simplified as:
IV. The optimizing procedure
It is worthwhile to point out that the significant idea of acoustic analogy 17 is adopted in Sec. III. Equations (27)-(29) are general forms of equivalent sound sources owing to various internal cloaking designs and external fluids.
According to eq. (29), the equivalent sound source inside the cloakŝ i only depends on the cloak material parameters ρ T and c T for a given free stream u 0 and incident wave, for which p inc and u inc are determined. After a series of operation, this component of sound source can be represented as:
We know that the convected cloak can suppress the inside equivalent sound source in which caseŜ i = 0. On the other hand,Ŝ o is independent of the cloak material. It vanishes only the medium flows uniformly, which, can't be satisfied in the practical situations. This is why scatterings still exist in the potential flow when convected cloaks are applied as shown in Fig. 2(d)-(f) .
A question that follows herein shall be whether a suitable (nonzero)Ŝ i can be achieved (by appropriate cloaking design) that cancelsŜ o at far-field and eventually controls the external scattering field. The cloaking design in the turbulent fluids or the potential flow, in accordance with the above model(Sec. III), is therefore deemed as an optimization problem, which would optimize ρ T to render the desired sound field.
Firstly, we should construct an objective function F c at the chosen observers (the circles in Fig. (3) with a distance of r = 10a from the origin) to evaluate the scattered field. If N observers at the coordinates x 1 , x 2 , · · ·, x N are taken, the objective function F c can be defined as:
Where (·) indicates time root mean square. It should be noted that F c is a scalar. From Eqs. (28), (29) and (36), it can be seen that F c depends onŜ i (ρ T ) andŜ o . The optimal ρ T is solved by the following mathematical programming:
where ρ T c T = ρ 0 c 0 is the optimization constraint; and the mathematical notation, arg min, stands for the argument of the minimum, that is to say to find the right value of ρ T for which the cost function F c attains its smallest value. In this work, we simply use the method of steepest decent as the optimization solver. Specifically, in the (m + 1)th iteration, the optimization solver performs
where λ is the step size. An empirical value is chosen here by the trade-off between the optimization stability and the convergence speed. The entire optimization procedure usually takes thousands of steps. In each optimization step, the cost function can be directly solving the LEE models, or by using the theoretical model of equivalent sound sources. The computational costs of the two approaches are of big difference. More specifically, for each optimization step, it takes almost 1.8 × 10 5 s to solve the LEE models to make sure the sound field has developed to quasi-static state. Whist it takes less than 2s to finish the same predication by using the theoretical method. Since a large number of steps are demanded in the optimization progress, the usage of the equivalent sound source model makes it possible to continue.
In summary, the whole conceptual design takes the following steps: (a) Generate the database of the fluid field theoretically(potential flow) or numerically (turbulence flow); (b) As an initial design, the classical cloaking design is used in the LEE simulation; (c) Construct objective function (for specific observation positions) that enables the follow-up optimization (in the virtual space); (d) If the associated objective function converges, stop the optimization procedure; otherwise, iteratively perform the optimization; (e) Achieve the correspond cloaking design in physical space by transformation acoustic and perform the LEE computation; (f) Examine the performance of the resultant cloaking design by studying the near-and far-field sound distribution.
V. Results and discussion
A. Numerical simulation setup The proposed analytical framework yields far field acoustic scattering, provided the background flow and incident wave. In this section, we verify the proposed framework by comparing with the computational results. Figure 3 shows the computational setup. The inner radius of the cloak is used as the reference length. In the computation, the inner-and outer-radii of the cloak are a = 1 and b = 2, respectively. The computational domain is [−10, 20] × [−10, 10] [dashed rectangle in Fig. 3(a) ], containing both regions of the cloak and the background medium. The computational domain is surrounded by a buffer zone to absorb acoustic reflections. 18 The length of the buffer zone is equal to 2. The computational model is LEE. Equations (14) and (15) are solve to predict sound the sound propagation in the fluid medium. On the other hand, we use the following model to predict sound propagation within the cloaking region,
It can be seen that this LEE model describes sound propagation in physical domain, which should be be more consistent with one's physical intuition. In contrast, the aforementioned LEE model describes sound propagation in the transformed domain, which is convenient for analytical developments but is less straightforward. As a result, we numerically predict sound propagation directly in physical domain.
In the present work, we discussed the different situations that the background flows around the cloak are described by potential flow and turbulent flow. The computational mesh is O-type, including 200k gridpoints to satisfy points-per-wavelength criterion. An enlarged image of the computational mesh is shown in Fig. 3 . The fourth-order explicit scheme is used for spatial discretization and the fourth-order Runge-Kutta scheme is used for time integration. A tenth-order explicit filter is used to attenuate any spurious wave developing in the computation domain. In this validation case, pressure sensors are placed at r = 10 a. After the validation, the proposed analytical framework predicts far field acoustic scattering at r = 100 a.
The analytical prediction also requires a mesh but with much less gridpoints than the computational grids (see Fig. 3(b) ). As a consequence, the analytical framework yields predictions much quicker than the direct computation with LEE model. Both methods were developed in our group using C++ code. The in-house LEE code includes parallel capability by MPI (what is MPI). The parallel computation (on 200k gridpoints) was performed on a Xeon computer with 8 cores (E5430 @ 2.66GHz) and 16 GB memory. The duration of the calculation is 1.8 × 10 5 s to obtain the sound pressure distribution when it developed to quasi static. To get the sound field near-field by the analytical prediction, a mesh consisting of 90k gridpoints was used. The code was evaluated on a standard desktop machine with an Intel i3 CPU (550 @ 3.2 GHz) processor and 4 GB memory. The duration of analytical prediction calculation is 3, 600 s. Fig. 2 contain both incident component and scattering component, where the latter one is presumably less than the former one. To more clearly show the performance of the convected cloak design, Fig. 4 displays the root mean square values of p sca , which could have been overwhelmed by p inc and is thus indistinct in Fig. 2 . The top panels of Fig. 4 are results of the classical cloak design and the bottom panels are results of the convected cloak design. It can be seen that the classical cloak design yields a larger scattering than those of the convected cloak design.
B. Results in potential flows
From those near field results, we found that the scattering is more distinctive at higher Mach number while the convected cloak design is more effective at lower speed of the free stream. The proposed convected cloak design uses a simple acoustic principle, should impose difficulties in implementations no more than classical cloak design does, and can achieve perfect cloaking effects for an idealized uniform free stream. Nevertheless, the real flow field local to any cloak dynamically develops complicated and non-uniform patterns because the existence of the cloak. As a result, acoustic scattering and shadow cannot be completely removed using the convected cloak design.
The performance of the cloak designs is quantitatively compared in Fig. 5 , by examining sound radiations at r = 10 a:
where (·) denotes the root mean square value; err evaluates the magnitude of acoustic scattering, a large deviation from 0 dB represents a poor cloaking performance, and vice versa. Figure 5 shows the values of err with respect to elevation angles, θ, of various testing points. The wave number of the incident wave is k 0 = 3. The observations are as follows: (1) acoustic scattering is clearly shown when no cloak is used; (2) the classical cloak design helps to suppress scattering at regions of |θ| > 15 deg; the maximal suppression is almost 2 dB; however, the classical cloak design yields a downstream shadow, which is represented by the increase of err within the range of |θ| < 15 deg; (3) the convected cloak design, on the other hand, successfully reduces the shadow by maximally 1.5 dB at regions around θ = 0 and |θ| = 20 deg.
It is worthwhile to mention that results shown in Figs. (2)- (5) are calculated using the LEE model, which is prohibitively expensive in terms of computational cost. In contrast, the analytical framework can rapidly analyze far field acoustic performance, and therefore represents one of the most important contributions in this work. The detailed computational costs have been given in the previous section. Figure 6 verifies the proposed analytical framework by examining err at k 0 = 3 and various free stream speed (M = 0.02, 0.04 and 0.06). Two methods, direct computation using the LEE model and the proposed analytical framework, are respectively used to achieve p at r = 10 a and then to obtain the corresponding err. More specifically, provided the incident wave and the potential flow field, Eq. (28) is firstly used to constructed the equivalent sound source, and Eq. (36) is then used to yield far field sound radiations. For this case, Eq. (36) is calculated for the region of r < 10 a. Both the classical cloak and the convected cloak designs have been considered. It can be seen that both analytical and numerical results agree largely well, except a maximal difference of almost 1.5 dB at θ = 0 deg for the classical cloak design at M = 0.06, suggesting that a larger integration region might be needed for this particular case. As a whole, the comparison conducted here justifies the proposed analytical framework. To examine far field radiations, we place dozens of measurement points at r = 100 a, which will be prohibitively expensive for direct LEE computation, to evaluate Eq. (42) using the rapid analysis method. Figures 7 show the values of err with respect to elevation angles, θ, of various testing points. The wave number of the incident wave is k 0 = 3. It can be seen that acoustic scattering due to the nonzero speed of the mean flow is mainly at the downstream regions. On the other hand, the convected cloak design generates a consistently better performance than the classical cloak design.
We have repeated examinations of different incident wave at various flow speeds and get the similar findings as in Figs. (6) -(7) . The result obtained by the analytical and numerical methods agree well and therefore it implies that the theoretical model is reliable especially the in the cases when the strength of scattering is small. Thus we can be use equivalent source model to calculate the objective function and run the optimization solver developed in Sec. (IV). The cases that the incident waves are of different wave number k 0 in the potential flows with different free stream Mach number M are test. We find that the material of the optimized cloaking is sensitive to the Mach number whilst the influence of k 0 is not so signified. For the consideration of practical usage, the result is matched as a function of Mach number, It is unwise to display the results one by one under the various situations. In order to contain most of these results in one figure, we define a new performance indicator for the entire N far field measurement points, as:
where (·) n denotes results from the n th measurement point and (·) denotes root mean square value. Figure 10 shows err T at various wave numbers and free stream Mach numbers. It can be seen that acoustic scattering becomes more distinctive at higher Mach number. The convected cloak design always achieves a better performance by almost 50% than the classical cloak's performance. In particular, the convected cloak can achieve a satisfactory cloaking performance (err T < 5%) at M < 0.04, suggesting its applicability to almost all underwater applications. The effect of the optimized cloak is more obvious. For the optimized cloaking, err T < 2% even though the Mach number is as high as 0.1 whilst the non-dimensional frequency is 4.0. At the same situation, the err T of the classical cloak is as large as 20%. This is a signified development. 
C. Result in turbulence flow
To discuss the problem in turbulence fluid is somewhat parallel to that in the potential flow. In the present work, we use the in-house code using detach eddy simulation (DES) with Spalart-Allmaras turbulence model to calculate the turbulence field. The cloaking material is (configured as) transparent to the sound waves but impervious to the surrounding fluids. The discretization is performed with a low diffusion E-CUSP scheme and the time marching is conducted by using a two-step implicit Runge-Kutta method. The 3D computational domain consists of 256 × 256 × 64 gridpoints. The paralleled calculation uses 128 processors and 30,000 CPU-hours to obtained the flow fields that reveal intricate, evolving dynamics of 3D coherent flow structure in the turbulent wakes (see Fig. 11 ).
In the present work, the objective function F c is constructed at r = 10a. Different configurations for ρ T are tested. We limit ρ T to a scalar in the virtual space. Its initial value takes from the classical cloaking design, i.e. the nondimensionalized ρ T = 1. The cost function is iteratively optimized to produce the optimal ρ T = 0.7803.
To quickly demonstrate the essential concept, only the optimization of a 2D cloaking design is performed for the turbulent fluid case at Reynolds number 90,000 and Mach number is 0.2. The instantaneous flow field of the center x 1 − x 2 cross section is chosen as the background flow field. After finishing an optimization, the performance of the optimized cloak is demonstrated by calculating sound fields across the cross section. The enlarged, 2D cross-sectional sound pressure contours and the corresponding ray trajectories are shown in Fig. 12(b) . It can be seen that this optimized cloaking device restores the rays of incident sound wave. The ray trajectories are shown in Fig. 13 , which presents a qualitative impression that the optimized cloaking design performs generally well, would not only exclude the sound waves from the interior, but almost restore the ray trajectories in the various turbulent wakes.
Finally, we examine the so-called scattering cross-section that is usually used in the analysis of acoustics scattering. This criterion is defined as:
It can be seen that the smaller values of σ dB correspond to better suppression of acoustic scattering. Figure 14 shows the scattering cross-sections at various optimization steps, respectively. In this setup, the initial cloaking design at step 0 takes the classical cloaking design. It can be seen that the corresponding scattering cross-section is gradually reduced along with the progress of the optimization until its convergence. The patterns of the scattering cross-section at step 4000 and step 6400 are quite comparable, with the largest difference reduced to within ±2dB, which suggests that the optimization procedure would finally converge.
Last but not least, it should be mentioned that we simply use steepest descent as the optimization solver. The optimization performance, such as convergence speed and scattering cross-section, might be further improved if alternative optimization algorithms are considered.
VI. Summary
This work develops a theoretical framework that can analyze acoustic cloak's scattering performance owing to a moving fluid. More specifically, by using Eqs. (26)-(36) we are able to conduct quantitative predictions of far field scattering, provided the medium flow field u = u 0 +v, and to examine the performance of various acoustic cloak designs. The equivalent sound sources have been constructed and analysed solely for the idealized potential flow case and the turbulence fluid. A simple convected cloak design was proposed and its performance has been successfully examined, which demonstrates the analytical method developed in this work.
Since the convected cloak can not suppress the scattering efficient, we describe the acoustic cloaking design as an optimization problem benefit from the fact that the objective function can be quickly evaluated based on the theoretical model. Optimizations have been used in previous cloaking approached only to relax the limitation posed by specific materials. Here we propose the optimization strategy that could resolve the limitation posed by the external fluid medium. The critical (and innovate) idea is to express the effect on sound propagation by an equivalent sound source model. Details of this optimization approach and its computational experiments have been given in this paper.
In this work, when considering the problem in the turbulent fluids, the issue of flow-induced self-noise is ignored. We have elucidated the scattering problem due to the submergence of a cloak in the turbulent fluids by establishing a theoretical model, which plays a critical role in the follow-up development of the optimized cloaking approach. Such advantageous performance, particularly in the turbulent wakes, has been demonstrated in numerical experiments. We believe that the approach would be beneficial for a host of new material designs and engineering systems.
